A numerical semigroup S is an IPM-semigroup if there exists an ideal I of a proportionally modular numerical semigroup such that S = I ∪ {0}. Let S and S be numerical semigroups such that S ⊆ S . We say that S is an ideal extension of S if S \ {0} is an ideal of S . Clearly a numerical semigroup is an IPM-semigroup if and only if it admits an ideal extension that is a proportionally modular numerical semigroup. In this paper we characterize all the ideal extensions of an arbitrary numerical semigroup. We also give an algorithm to decide whether or not an arbitrary numerical semigroup is an IPM-semigroup.
Introduction
A numerical semigroup is a subset of N (here N denotes the set of nonnegative integers) that is closed under addition, contains the zero element and has finite complement in N.
Given two integers a and b with b = 0, we denote by a mod b the remainder of the division of a by b. A proportionally modular Diophantine inequality (see [9] ) is an expression of the form ax mod b cx for some positive integers a, b and c. The set S(a, b, c) of integer solutions of an inequality of this form is a numerical semigroup. We will refer to these semigroups as proportionally modular numerical semigroups.
Let S be a numerical semigroup. A subset I = ∅ of S is an ideal of S if I + S = {x + s | x ∈ I and s ∈ S} ⊆ I . Clearly if I is an ideal of S, then I ∪ {0} is also a numerical semigroup.
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We say that a numerical semigroup S is an IPM-semigroup if there exists an ideal I of a proportionally modular numerical semigroup such that S = I ∪ {0}. If One of the advantages that proportionally modular numerical semigroups offer is that once known a representation of them, then it is easy to check whether or not an integer is in the semigroup. If S is an IPM-semigroup and ({d 1 , . . . , d r } + S(a, b, c)) ∪ {0} is an IPM-representation of it, then x ∈ S \ {0} if and only if a(x − d i ) mod b c(x − d i ) for some i ∈ {1, . . . , r}. So it is important to know how to decide whether or not an arbitrary numerical semigroup is an IPM-semigroup and if it is, be able to calculate an IPM-representation for it. To give an answer to the previous problem is the fundamental aim of this paper.
Let S and S be numerical semigroups such that S ⊆ S . We say that S is an ideal extension of S if S \ {0} is an ideal of S . Clearly a numerical semigroup is an IPM-semigroup if and only if it admits an ideal extension that is a proportionally modular numerical semigroup. In this paper we characterize all the ideal extensions of an arbitrary numerical semigroup. We give upper and lower bounds to the number of ideal extensions that a numerical semigroup admits and with this we characterize two types of numerical semigroups of special interest, which are symmetric and pseudo-symmetric numerical semigroups.
Preliminaries
The aim of this section is to introduce some results related to proportionally modular numerical semigroups that we can find in [9] and [10] , and that will be useful along this paper.
The following result is a reformulation of [9, Corollary 9] . 
We will refer to T ∩ N as the proportionally modular numerical semigroup associated to the interval [
] and T ∩ N will be denoted by S([
Observe that ax mod b cx has the same solutions that (a mod b)x mod b cx, whence we can assume that a < b. Besides, if c a, then S(a, b, c) = N. Therefore, the condition c < a < b imposed in Lemma 1 is not restrictive. If A ⊆ N, then we will denote by A the submonoid of N generated by A. That is, A = {s 1 a 1 + · · · + s n a n | n ∈ N \ {0}, s 1 , . . . , s n ∈ N and a 1 , . . . , a n ∈ A}. It is well known (see for instance [8] ) that A is a numerical semigroup if and only if gcd( A) = 1. If S = A , then we say that A is a system of generators of S. We say that A is a minimal system of generators of S if no proper subset of A generates S. It is well known (see for instance [8] ) that every numerical semigroup admits a unique minimal system of generators, which has finitely many elements.
A sequence of fractions 
Remark 4.
(1) If b is an integer greater than or equal to 2 and a is an integer such that gcd{a, b} = 1, then we will denote by a −1 mod b the smallest positive integer u such that au ≡ 1 (mod b).
(2) If we analyze the proof of Theorem 31 of [10] , we observe that if S is a proportionally modular numerical semigroup in the same conditions of Lemma 3, then
is a Bézout sequence. Therefore by applying Lemma 2 we have that
Another result that will be used several times along this paper and that appears in [10] as Remark 24 is the following.
Lemma 5.
If S is a proportionally modular numerical semigroup minimally generated by n 1 < n 2 < · · · < n p , then n 1 and n 2 are relatively prime.
We end this section by giving an example that illustrates its contents. Example 6. By using Lemma 3 with n 1 = 5, n 2 = 7 and n 3 = 9 we see that S = 5, 7, 9 is a proportionally modular numerical semigroup. In view of Remark 4, we have that S = S([ ]). By Lemma 1, we have that S = S(27, 45, 2).
Principal ideals of proportionally modular numerical semigroups
Let S be a numerical semigroup. An ideal I of S is principal if there exists d ∈ S such that I = {d} + S. In this section we study numerical semigroups of the form ({d} + S) ∪ {0} where S is a proportionally modular numerical semigroup and d ∈ S. These semigroups will be called PIPMsemigroups.
Notice that if S is a numerical semigroup, then S = {0}+ S. Therefore every proportionally modular numerical semigroup is a PIPM-semigroup. The following example shows that the class of PIPMsemigroups strictly contains the class of proportionally modular numerical semigroups.
Example 7.
Every numerical semigroup generated by two elements is proportionally modular (see Lemma 3) . Therefore S = 2, 5 = {0, 2, 4, 5, →} (the symbol → is used to indicate that all the following integers are in the set) is a proportionally modular numerical semigroup. However, ({2} + S) ∪ {0} = {0, 4, 6, 7, →} = 4, 6, 7, 9 is not a proportionally modular numerical semigroup since the two smallest minimal generators, 4 and 6, are not relatively prime (see Lemma 5) . Our next goal is to give an algorithm that allows us to decide from the minimal generators of a numerical semigroup whether or not it is a PIPM-semigroup.
Let a, b and c be positive integers and let
d ∈ N. Define S(a, b, c, d) = x ∈ N a(x − d) mod b c(x − d) .
Lemma 8. Under the standing hypothesis we have that S(a, b, c, d) = {d} + S(a, b, c).
Proof. Let x ∈ S(a, b, c, d). Then a(x − d) mod b c(x − d) and therefore x − d ∈ S(a, b, c). Consequently x ∈ {d} + S(a, b,
c). Let us show the other inclusion. For that we will show that if
Let S be a numerical semigroup minimally generated by {n 1 < n 2 < · · · < n p }. Then n 1 and p are two important invariants of S that we call multiplicity, m(S), and embedding dimension, e(S), of S, respectively (see [2] ). For every numerical semigroup we have always e(S) m(S). We say that S is a MED-semigroup (numerical semigroup with maximal embedding dimension) if e(S) = m(S). The following result appears in [6] .
Lemma 10. Let S be a numerical semigroup and let
Given a numerical semigroup S and n ∈ S \ {0} we define the Apéry set of n in S (see [1] ) as Ap(S, n) = {s ∈ S | s − n / ∈ S}. It is well known (see for instance [8] ) that Ap(S, n) = {0, w(1), . . . , w(n − 1)} where w(i) is the smallest element of S that is congruent with i modulo n. The following result follows from Proposition 10.5 of [8] .
Lemma 11. Let S be a numerical semigroup. Then for each s ∈ S there exist unique k ∈ N and w ∈ Ap(S, n), such that s = kn + w.
The next result describes the Apéry set of the multiplicity in a MED-semigroup and is part of Lemma 6 of [6] .
Lemma 12. If S is a MED-semigroup minimally generated by {n
Once we know a system of generators of ({d} + S) ∪ {0}, it is easy to construct one for S.
Lemma 13. Let S be a numerical semigroup and let
Proof. Clearly d is the smallest positive integer belonging to ({d} + S) ∪ {0} and therefore n 1 
For the other inclusion let x ∈ S. Then x + d ∈ {d} + S, and by applying Lemmas 10, 11 and 12 we deduce that x + d = kd or x + d = kd + n i with k ∈ N and i ∈ {2, . . . , d}. In both cases we have that
The following result follows by the proof of Proposition 2 of [6] .
Lemma 14. Let S be a MED-semigroup. Then there exists a numerical semigroup S such that S = ({m(S)} + S ) ∪ {0} and m(S) ∈ S .
With all these results we can give a characterization for the PIPM-semigroups.
Theorem 15. Let S be a numerical semigroup with minimal system of generators {n 1 < n 2 < · · · < n p }. Then
S is a PIPM-semigroup if and only if one of the following conditions holds.
(1) S is a proportionally modular numerical semigroup. 
Sufficiency. If S is a proportionally modular numerical semigroup, then since S = {0} + S, we have that S is a PIPM-semigroup. If S is a MED-semigroup, then by Lemma 14 we know that there exists a numerical semigroup S such that S = ({n 1 } + S ) ∪ {0}. By applying Lemma 13 we deduce that S = S. Hence S is a PIPM-semigroup. 2
We are now ready to give the announced algorithm for deciding whether or not a numerical semigroup is a PIPM-semigroup.
Algorithm 16. Input: {n 1 < n 2 < · · · < n p } a minimal system of generators of a numerical semigroup S.
Output: "S is a PIPM-semigroup" or "S is not a PIPM-semigroup".
(1) If S is a proportionally modular numerical semigroup (we can easily verify this using Lemma 3), then return "S is a PIPM-semigroup".
. . ,n p − n 1 is a proportionally modular numerical semigroup, then return "S is a PIPM-semigroup". (4) Otherwise, return "S is not a PIPM-semigroup".
The following algorithm computes a PIPM-representation of a PIPM-semigroup from a system of generators of the semigroup. 
We will illustrate the preceding algorithms with an example.
Example 18. Let us compute a PIPM-representation for the numerical semigroup S = 5, 12, 14, 21, 23 .
First, and using Algorithm 16, we will prove that S is a PIPM-semigroup.
(1) As 14 + 5 ≡ 0 (mod 12) and 14 + 12 ≡ 0 (mod 5) , by applying Lemma 3 we could say that S is not a proportionally modular numerical semigroup. (Observe that in any convex arrangement the three smallest minimal generators are consecutive.) (2) As e(S) = m(S) = 5, S is a MED-semigroup. (3) Since S = 5, 7, 9, 16, 18 has minimal system of generators {5, 7, 9}, Lemma 3 and the arrangement n 1 = 5, n 2 = 7 and n 3 = 9 ensure that S is a proportionally modular numerical semigroup.
Therefore, by applying Algorithm 16, we can state that S is a PIPM-semigroup. Moreover S = ({5} + S) ∪ {0}. By Example 6 we know that S = S(27, 45, 2). Therefore S = S(27, 45, 2, 5) ∪ {0}.
Ideal extensions of a numerical semigroup
Let S and S be numerical semigroups such that S ⊆ S . We say that S is an ideal extension of S if S \ {0} is an ideal of S . Our main goal in this section will be to characterize all the ideal extensions of a numerical semigroup. Notice that a numerical semigroup is an IPM-semigroup if and only if it admits an ideal extension that is a proportionally modular numerical semigroup.
Given a numerical semigroup S the set {x ∈ Z \ S | x + s ∈ S for all s ∈ S \ {0}} is denoted by Pg(S).
The elements of Pg(S) are the pseudo-Frobenius numbers of S (see [5] ) and the cardinality of Pg(S) is an important invariant of S, we call it the type of S (see [2] ) and it is denoted by t(S). Observe that Pg(N) = {−1} and that if S = N, then Pg(S) ⊆ N.
Proposition 19. Let S and S be two numerical semigroups. Then S is an ideal extension of S if and only if S ⊆ S ⊆ S ∪ Pg(S).
Proof. Necessity. Clearly S ⊆ S . Let x ∈ S \ S. Since S is an ideal extension of S, we have that {x} + (S \ {0}) ⊆ S \ {0} and therefore x ∈ Pg(S).
Sufficiency. If S ⊆ S ⊆ S ∪ Pg(S), then clearly (S \ {0}) + S ⊆ S \ {0}. Hence S \ {0} is an ideal of S , and by definition S is an ideal extension of S. 2
Our aim now is to give a method that allows us to build in a comfortable way the set of all numerical semigroups S verifying S ⊆ S ⊆ S ∪ Pg(S).
Lemma 20. Let S = N be a numerical semigroup. If x, y ∈ Pg(S), then x + y ∈ S ∪ Pg(S).
Proof. Suppose that
The preceding lemma tells us that S ∪ Pg(S) is also a numerical semigroup. Then by applying Proposition 19 we deduce the following result.
Corollary 21. Let S = N be a numerical semigroup. Then S ∪ Pg(S) is the maximum (with respect to the set inclusion order) ideal extension of S.
As a direct consequence of Proposition 19 we can state the following result.
Corollary 22. A numerical semigroup S admits at most 2 t(S) ideal extensions.
Notice that computing an ideal extension of S is equivalent to finding a subset B of Pg(S) such that S ∪ B is a numerical semigroup. The following lemma allows us to calculate in a comfortable way such subsets.
Lemma 23. Let S be a numerical semigroup and let B be a subset of Pg(S). Then S ∪ B is a numerical semigroup if and only if
Conversely, in order to prove that S ∪ B is a semigroup, it suffices to verify that if
We will give now an example showing how to calculate the ideal extensions of a numerical semigroup. First we will give a definition and a lemma that appears in [5] and that allows us to easily determine the pseudo-Frobenius numbers of a numerical semigroup.
Let S be a numerical semigroup. We define in S the following order relation:
Lemma 24. Let S be a numerical semigroup, n ∈ S \ {0} and {w 1 , . . . , w t } = Maximals S Ap(S, n). Then Pg(S) = {w 1 − n, . . . , w t − n}. Observe that the preceding example shows that the upper bound given in Corollary 22 is not reachable in general. In the following lemma we will give a lower bound for the number of ideal extensions of a numerical semigroup.
Lemma 26. Every numerical semigroup S admits at least t(S) + 1 ideal extensions.
Proof. If Pg(S) = {h 1 < h 2 < · · · < h t }, then by Lemma 23 we deduce that S ∪ ∅, S ∪ {h t }, S ∪ {h t , h t−1 }, . . . , S ∪ {h t , h t−1 , . . . , h 1 } are numerical semigroups. To conclude the proof it suffices now to apply Proposition 19. 2
The greatest integer not belonging to a numerical semigroup S is the Frobenius number of S and we denote it by g(S). It is clear that g(S) ∈ Pg(S). Numerical semigroups of type 1 are called symmetric (see [2] ). Therefore a numerical semigroup S is symmetric if and only if Pg(S) = {g(S)}. As an immediate consequence of Corollary 22 and Lemma 26 we have the following result.
Lemma 27. A numerical semigroup S = N is symmetric if and only if it has exactly two ideal extensions. These extensions are S and S ∪ {g(S)}.
Another type of numerical semigroups of special interest are the so-called pseudo-symmetric (see [2] ). These numerical semigroups are well characterized by their pseudo-Frobenius numbers as the following result shows and that is deduced from [3] .
Lemma 28. A numerical semigroup S is pseudo-symmetric if and only if
}.
Lemma 29. A numerical semigroup S is pseudo-symmetric if and only if it has exactly three ideal extensions.
These extensions are S, S ∪ {g(S)} and S ∪ {g(S),
}.
Proof. By applying Lemmas 23 and 28 and Proposition 19 we deduce that a pseudo-symmetric numerical semigroup S admits exactly three ideal extensions and that these extensions are S, S ∪ {g(S)} and S ∪ {g(S),
}. Conversely, if S has exactly three ideal extensions, then by using Corollary 22 and Lemma 26 we have that t(S) = 2. Hence Pg(S) = {h 1 < h 2 }. Clearly max Pg(S) = g(S). Therefore to conclude the proof it suffices to show that h 1 = h 2 2 . As S has exactly three ideal extensions and clearly S, S ∪{h 2 } and S ∪{h 1 , h 2 } are ideal extensions of S, we deduce that S ∪{h 1 } is not a numerical semigroup. In view of Lemma 23, we have that
A numerical semigroup is irreducible if it cannot be expressed as an intersection of two numerical semigroups properly containing it. In [7] it is shown that a numerical semigroup S is irreducible if and only if it is either symmetric or pseudo-symmetric. Then, as consequence of Lemmas 27 and 29, we have the following result.
Proposition 30. A numerical semigroup S is irreducible if and only if it admits at most three ideal extensions.
Remark 31.
(1) A numerical semigroup with embedding dimension two is always symmetric (see [3] ). Therefore these semigroups admit exactly two ideal extensions.
(2) If S is a numerical semigroup with e(S) = 3, then by [3] we know that t(S) ∈ {1, 2}. From Corollary 22 we have that S admits at most four ideal extensions. Besides by Proposition 30 we deduce that S reaches the preceding bound if and only if S is not irreducible. (3) Notice that the number of ideal extensions of a numerical semigroup is an invariant of this semigroup and therefore it can be useful to classify numerical semigroups. In this way it could be interesting to characterize the numerical semigroups that admit exactly four ideal extensions.
Ideals of a proportionally modular numerical semigroup
Let M be a numerical semigroup. It is well known (see for instance [4] ) that if I is an ideal of M, 
Lemma 32. A numerical semigroup is an IPM-semigroup if and only if it admits an ideal extension that is proportionally modular.
The following example shows that there exist numerical semigroups that are not IPM-semigroups.
Example 33. We show that S = 4, 6, 7 is not an IPM-semigroup. It is easy to see that Pg(S) = {9}. Then, by applying Proposition 19, we have that S = 4, 6, 7 and S ∪ {9} = 4, 6, 7, 9 are the only ideal extensions of S. By Lemma 5, we know that none of the two extensions is proportionally modular. Therefore, by Lemma 32, S is not an IPM-semigroup.
By using the results of the preceding section we will give an algorithm that enables us to decide from a system of generators of a numerical semigroup whether or not it is an IPM-semigroup.
Algorithm 34. Input: {n 1 , . . . ,n p } a system of generators of a numerical semigroup S.
Output: "S is an IPM-semigroup" or "S is not an IPM-semigroup". We now give an algorithm to compute an IPM-representation of an IPM-semigroup. For that we need to introduce the following result. Proof. The sufficiency is obvious. Let us prove the necessity. If S is an ideal extension of S, then S ⊆ S , whence {n 1 , . . . ,n p } ⊆ S . As S ⊆ S , we also easily deduce that S ⊆ ({n 1 , . . . ,n p } + S ) ∪ {0}. For the other inclusion let x ∈ {n 1 , . . . ,n p } + S . Then x = n i + y for some i ∈ {1, . . . , p} and some
The following algorithm computes an IPM-representation of an IPM-semigroup from a system of generators of the semigroup.
Algorithm 37. Input: {n 1 , . . . ,n p } a system of generators of an IPM-semigroup S.
Output: An IPM-representation of S.
(1) Determine B ⊆ Pg(S) such that S = S ∪ B is a proportionally modular numerical semigroup. we observe that S = 4, 6, 7, 9 is a numerical semigroup with translation degree 1. We finish this paper by giving an example of a numerical semigroup with translation degree 2.
Example 39. Let S = 6, 8, 9, 11 . Then Ap(S, 6) = {0, 8, 9, 11, 16, 19} and Maximals S Ap(S, 6) = {9, 16, 19}. Therefore by applying Lemma 24 we have that Pg(S) = {3, 10, 13}. As S ∪ {3} = 3, 8 is a proportionally modular numerical semigroup, then by applying Proposition 19 and Lemma 32 we have that S is an IPM-semigroup. As S is not a proportionally modular numerical semigroup (see Lemma 5) and S is not a MED-semigroup, by Theorem 15 we know that S is not a PIPM-semigroup.
Therefore S has translation degree greater than or equal to two. Since S = ({6, 8, 9, 11}+ 3, 8 )∪{0} = ({6, 8} + 3, 8 ) ∪ {0}, we have that S has translation degree 2.
